The operation of a micro-pump system driven by a magnetoelastic polymeric membrane developed at Texas A&M University is analyzed by numerical simulations. Unsteady, incompressible NavierStokes equations in a moving boundary system are solved by a spectral element methodology, employing an Arbitrary Lagrangian Eulerian (ALE) formulation on unstructured meshes. The performance of the micro-pump is evaluated as a function of the
Introduction
Micro-pump systems, delivering volumetric flow rates in the order of 10 Ϫ8 ϳ10 Ϫ12 m 3 /s, can be used in many bio-fluidic, drug delivery, mixing and flow control applications. Most of the micropump systems are actuated by a vibrating membrane in a chamber with hanging-beam-type ͑Cantilever beam͒ inlet and exit microvalves ͑Van Lintel et al. ͓1͔; Esashi et al. ͓2͔; Smits ͓3͔͒. These are unidirectional micro-pumps, since the Cantilever-type microvalves only open in a prefered flow direction. A micro-pump design, based on a rotating cylinder in a micro-channel, was also proposed by Sen et al. ͓4͔. Here, the cylinder is located asymmetrically within the micro-channel, and it propels the fluid due to viscous action, while rotating with a prescribed angular speed. This is a bidirectional micro-pump, as the flow direction can be changed by reversing the angular velocity of the cylinder. This pump works well for low Reynolds number flows. However, the efficiency of the design rapidly diminishes with increased Reynolds number, as the fluid inertia dominates.
In this study, we present a bidirectional ͑reversible͒ micropump utilizing a vibrating magnetoelastic membrane with magnetic inlet and outlet pinch valves ͑see Fig. 1͒ . Since the inlet and the exit valves oscillate in between the open and closed positions with a prescribed motion, it is possible to control the performance of the micro-pump with the micro-valves. This design has the advantage of reversibility, yet it maintains its performance for relatively high Reynolds number applications.
The membrane of the pump is built out of a novel magnetoelastic polymer ͑MAP͒ developed at Texas A&M University. The material is composed of a tri-plock copolymer that is solidified by a gelling agent and contains a dispersed phase of fine ferritic particles. These particles enhance the permeability of the material, so that the entire membrane acts as a variable inductance whose value depends upon the strain in the material and its proximity to the poles of the electromagnet. The properties of the material with respect to other actuators ͑such as shape memory alloys ͑SMA͒, electroactive polymer ͑EAP͒ and piezoelectric crystals ͑PAC͒ are shown in Table 1 .
Geometric Specifications
The micro-pump geometry is presented in terms of the length of the membrane ''L,'' in Fig. 1 . This allows us to interpret the results using geometric similarity in determining the optimum pump dimensions.
The micro-pump is ideally placed between two reservoirs. However, numerical simulation of such a system is difficult due to large reservoir size. Any finite size reservoir would require inflow and outflow numerical boundary conditions, and these must be imposed carefully, in order to avoid a preferred flow direction in the micro-pump. This difficulty is overcome by placing the micropump in between two symmetric micro-channel flow systems, where equal amount of liquid flow is maintained from top to the bottom direction. Therefore, the flow conditions are symmetric and there is zero net flow from one channel to another, when the pump is not actuated. We verified this by simulations.
Oscillation of the membrane with a specified frequency and an amplitude a excites the fluid within the micro-pump cavity. For our simulations we have used aϭL/10, and ϭc/L, where c 2 ϭT/M , T and M are the tension and the mass per unit area of the membrane, respectively. The first-mode of vibration of the membrane is used to determine the position ͑see Fig. 2 , top͒, velocity and the acceleration as a function of time
( 1 c)
The pump geometry is symmetric. Therefore, active pumping cannot be achieved solely by the membrane oscillations. The action of the two valves provides the requisite directionality of the flow. In the simulation, the inlet and the exit valves are located at the mean height of y 0 ϭ0.325 L from the membrane, and the position of the valves are specified as a function of time
The valve motion is designed to be close to a step function, oscillating between open and closed positions with finite velocity and acceleration. The positions of the inlet and exit valves during a cycle of the micro-pump is presented in Fig. 2 ͑bottom͒. The phase difference between the inlet and the exit valves is radians.
Analysis and Simulation
The performance of our design is based on the following factors: the membrane length L and width W, the pump-cavity height H, the amplitude a and the frequency of the membrane motion, the minimum valve clearance ͑the gap between the closed-valve and the top wall͒ g min , the time-lapse between the opening and the closing of the valves ͑see Eq. ͑2͒, and Fig. 2 
The suction stage of the micro-pump happens while ϪL/2cрt рL/2c. Therefore, the average volumetric flow rate for a given period Tϭ Ϫ1 is
The average flowrate is
This simple analysis indicates that the volumetric flowrate is proportional to the Reynolds number, the width of the micro-pump membrane W, and the L/a ratio. Our analysis assumes no leaks from the inlet valve during ejection stage, and from the exit valve during the suction stage. Therefore, Eq. ͑5͒ gives the maximum theoretical volumetric flowrate of the micro-pump system. This value is used in determining the efficiency of the micro-pump, when leakage effects due to the imperfect motion of the inlet and exit valves are considered. Incompressible Navier-Stokes equations in the micro-pump system is solved by an h/p type spectral element algorithm, employing an Arbitrary Lagrangian Eulerian ͑ALE͒ formulation ͑Be-skok and Warburton ͓5͔, Karniadakis and Sherwin ͓6͔͒. The algorithm maintains numerical accuracy and convergence under relatively large mesh stretching conditions. Hence, we can avoid expensive remeshing procedures for most of the times. In fact, full closure of the inlet and exit valves require annihilation of the elements trapped in between the valves and the top wall, requiring remeshing of the computational domain. Remeshing is avoided by allowing a gap in between the valves and the top wall. This gap leads to fluid leakage, which affects the micro-pump efficiency.
In Fig. 3 , we present instantaneous flowrate variation for two different Reynolds numbers ͑Reϭ3 and 30͒. The volumetric flowrate of fluid entering through the inlet valve is shown as positive and leaving flowrate is indicated as negative. The sum of the two is the rate of change of the control volume due to the oscillation of the membrane dV/dtϭQ in ϪQ out .
The membrane's motion is periodic. Therefore, the net amount of fluid displaced by the membrane in a period is zero 
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Transactions of the ASME In other words, Q ថ in ϭQ ថ out ϭQ ថ . Numerically integrating the curves under inlet and exit valves in Fig. 3 , we determined the effective flowrate in our micro-pump for g min ϭ0.025 L. Ratio of the numerical values of the flowrate to the maximum flowrate given by Eq. ͑5͒ defines the efficiency ͑͒ of the micro-pump. The results are presented in Table 2 . It is clearly seen that the efficiency of the pump decreases with increasing the Reynolds number. The average flowrate of the pump increases with the Reynolds number, as predicted by Eq. ͑5͒. This is either due to increase in the size of the pump ͑increase in a͒ or increase in the frequency , for a given fluid ͑fixed ͒. For fabrication of our conceptual design, the actual dimensions of the micro-pump can be determined by either selecting the admissible amplitude of vibration a or the actuation frequency . For example, choosing water and selecting the membrane amplitude to be 10 m we calculated the frequency of operation and the corresponding mass flowrate in the pump. The results are presented in Table 2 . The power required to drive the pump can easily be obtained by integrating the product of the numerically obtained pressure and the velocity on the membrane.
A Simplified Analysis of the Electromagnetic Drive Mechanism
We analyze the magnetic circuit by using a lumped parameter model. Therefore, the electromagnetic coenergy E ͑the Legendre transform of the magnetic field energy with respect to the current͒ of the configuration, shown in Fig. 1 , is given by
where h is the distance between the equilibrium position of the membrane and the electromagnet, A(t) is the amplitude of the membrane introduced in ͑1a͒, S is the cross-sectional area of the electromagnet, N is the number of turns in the coil, 0 is the permittivity of free space, and i is the current through the coil. In Eq. ͑6͒, the electromagnetic radiation effects and fringing effects are ignored. The inductance ͑L͒ of the circuit as a function of the gap width (wϭhϪA(t)) is given by
The variations in the inductance of the coil with the gap width enables power transfer to the membrane. Therefore the current i can be calculated from power considerations. Since the electromotive force on the membrane is Ϫ(dL/dw)i 2 , the total power supplied to the membrane is Ϫ(dL/dw)ẇ i 2 . On the other hand, the fluid power requirement on the membrane is
Since the power requirement can be calculated from the pump simulation, the electric current required is given by
In performing the above simplified analysis, we have neglected the elasticity as well as the inertia of the membrane. A full accounting of these effect will be done in a later work where a complete lumped mass analysis ͑including the pump, valves and the electromagnetics͒ will be carried out.
Since the simulation results presented here are obtained by prescribed displacement of the membrane, the voltage required to drive the system can be calculated. For given inductance of the circuit L(w) and the resistance of the coil windings R, a lumped parameter analysis of the circuit is used to obtain the voltage needed for system activation as
A seen in the above equation, the influence of the moving membrane is felt as an additional resistance that is proportional to the change in inductance due to the motion. Of course, in the current approach, the voltage required is calculated for a particular motion of the membrane and thus the coupling between the response of the pump and the driving circuit is severed. A more complete analysis by modeling the full behavior is being undertaken as a lumped mass system.
Discussions
We presented numerical simulation and analysis of a magnetoelastic micro-pump. The piston type inlet and exit valves used in our design could be fabricated as a free floating gate-valve, where thermally generated vapor bubbles enable the valve motion ͑Pa-pavasiliou et al. ͓7͔͒. However, such valves typically result in low actuation frequencies, and they are not suitable for many applications. A possible alternative is utilization of pinch valves made Table 2 The predicted and computed mass flowrate "per unit width…, actuation frequency and the efficiency of the micropump, as a function of the Reynolds number. The data are obtained for water and aÄ10 m out of the same magnetoelastic material, which has reaction times in the order of a few micro-seconds. The response time of such a design will be primarily limited by the inductance of the magnetic coil. 
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Discussion of the Problem
The possibility of oscillatory behavior of the value of a computed variable as grid size is refined in a simulation raises questions in the interpretation of grid convergence studies that have, to the authors' knowledge, never been addressed. Such oscillatory behavior has been observed by the authors, for example, in variables such as wave profiles along the hull and wave elevations in the stern flow in simulations of flows about ships with complex geometries. Roache ͓1͔, in his comprehensive presentation and critique of work up to that time in the area of verification and validation of simulations, points out that ''behavior far away from asymptotic convergence can be non-monotone'' and ''the additional assumption of monotone truncation error convergence in the mesh spacing . . . may not be valid for coarse grids, or possibly other conditions.'' Typically ͑see Stern, et al. ͓2͔, for instance͒, the behavior of a variable is categorized as monotonically convergent, oscillatory, or divergent based on its behavior as the grid used in a simulation is refined. Consider the values of a computed variable y as a simulation is run using a coarse grid (y C ), a medium grid (y M ), and a fine grid (y F ). The ratio
has been used to categorize the behavior of y as grid size is decreased as: ͑1͒ monotonically convergent when 0ϽRϽ1; ͑2͒ oscillatory when RϽ0; and ͑3͒ divergent when RϾ1. If the behavior really is monotonically convergent, then ͑1͒ holds. If the behavior really is divergent, then ͑3͒ holds. The problem that has not been previously recognized and discussed is the ambiguity that arises when the behavior really is oscillatory.
Consider the results from a simulation in which the computed value of variable y is truly an oscillatory function of grid size ⌬x, as shown in Fig. 1 . When a grid size is chosen in a simulation, its value is of course arbitrary relative to the unknown periods of any oscillations of the computed variables, so each of the following cases in this example must be considered equally likely. Three cases are investigated, with a different initial grid size in each. In each case, three simulations are run with grid doubling used twice, resulting in coarse ͑C͒, medium ͑M͒, and fine ͑F͒ grid simulation values of the variable y.
The computed values of y are shown in Table 1 and plotted in Fig. 1 . For Case 1, ⌬y CϪM is Ϫ1.0 and ⌬y M ϪF is ϩ0.3, a situation that would be assessed as oscillatory since RϽ0. For Case 2, ⌬y CϪM is ϩ0.36 and ⌬y M ϪF is ϩ0.28, a situation that would be concluded as being monotonically convergent since 0ϽRϽ1. Finally, for Case 3, ⌬y CϪM is ϩ0.14 and ⌬y M ϪF is ϩ0.36, a situation that would be concluded as divergent since RϾ1. Thus, for the same ͑true͒ oscillatory behavior any of three conclusions can be supported, depending on the relationship of the chosen grid size to the unknown period͑s͒ of the oscillation͑s͒. Copyright © 2001 by ASME Transactions of the ASME Note that in real cases ͑with results from three grids, say͒, the true behavior of y with ⌬x is unknown, so the only information one has is the three computed values of y. If the true but unknown behavior is oscillatory, then depending on the choices of initial grid size and the grid refinement ratio those three values can produce any value of R ͑including a value indicating asymptotic convergence͒. Also note that whether the ⌬x in one's finest grid corresponds to a value of 1, 2, 3, or 100 on a scale such as that shown in Fig. 1 is unknown.
Conclusion
Although the example presented is somewhat contrived, the dilemma one faces in interpreting results of grid convergence studies is not. If there is the possibility of oscillatory behavior of the value of a computed variable as grid size is refined in a simulation, then interpretation of the results of grid convergence studies seems impossible to achieve unambiguously.
Introduction
Many researchers have investigated the Fanning factors in circular ducts and proposed many correlating equations to calculate the Fanning factors. As to various noncircular ducts, the frictional pressure drops have rarely been investigated. So it has been common practice in the field of fluid mechanics to use the hydraulic or equivalent diameter in the Reynolds number in predicting turbulent pressure drops along duct lengths having noncircular cross section.
But, there is usually large deviation from the circular tube line by using the hydraulic diameter in the Reynolds number. And, therefore, some researchers have proposed various modifying methods to predict friction factors. In the case of rectangular ducts, for example, Jones ͓1͔ uses a ''laminar equivalent diameter'' to form the Reynolds number, which is in turn used in any circular tube correlation for friction factors. And in case of annuli, Brighton and Jones ͓2͔ modify the constant C in the Blasius equation on the basis of the experimental data. As to triangular ducts, Nan and Dou ͓3͔ use an area equivalent round diameter in the Reynolds number.
In the case of regular polygonal ducts, there were no experimental data reported in the literature except equilateral-triangular ͓4͔ and square ͓5͔ ducts. Therefore, the purpose of the investigation reported here was to obtain friction factors for isothermal, fully developed, laminar, and turbulent flow in smooth equilateraltriangular, square, pentagonal, hexagonal, heptagonal, and octagonal ducts, respectively. Moreover, an area equivalent round diameter is proposed to use in Reynolds number in predicting Fanning factor of turbulent flow in a duct having regular ͑n-sided͒ polygonal cross section.
Apparatus
The regular polygonal ducts were made of plate glass. Take a hexagonal duct for example. First cut six slabs of plate glass ͑width 8.10 mm, thickness 3.0 mm͒. Then precisely work pattern plates of the hexagonal polygon. Put the slabs of glass into the pattern plates. Finally seal the seams between the adjacent slabs with silica gel, as shown in Fig. 1 . The ducts made of plate glass, therefore, are hydraulically smooth.
The sketch of the experimental procedure used to obtain pressure drop data is illustrated in Fig. 2 and Fig. 3 . In the setup used, water was pumped from the water pool into the elevated tank that had an overflow pipe to maintain a fixed water level, then flowed through a duct and past an abrupt entrance and into the hydrodynamic entrance section where it became fully developed. It then entered the test section that consisted of four identical test sections in series. These multiple section served to check on the reproducibility of the measurements and to insure that the flow was fully developed. In the test section, the pressure drop readings were After leaving the test section, the water flowed through a duct and back to the water pool. The flow rates were determined by measuring the volume of water during a known time interval. The pertinent dimensions of the duct are listed in Table 1 for the various regular polygonal ducts investigated.
In Table 1 , the hydraulic diameter d e is defined as follows
where S is the cross-sectional area of fluid flow, and P e is the wetted perimeter, the length of wall in contact with the flowing fluid at any cross section.
Presentation of Results
The experimental data are presented in the form of Fanning factor against Reynolds number. These two quantities are defined as follows
and
where P is pressure, is the density of the fluid, f is Fanning factor, L is the pipe length, d e is the hydraulic diameter, u is the average velocity in flow direction, Re is Reynolds number, is the dynamic density of the fluid.
For each duct, Fanning factors were measured in the laminar, transitional, and turbulent regimes. Figs. 4, 5, 6, 7, 8, and 9 show the relation between Fanning factors and Reynolds numbers for smooth equilateral-triangular, square, pentagonal, hexagonal, heptagonal, and octagonal ducts, respectively. Also shown in the figures, the solid lines are the laminar solutions ͓6͔. Table 2 shows a comparison about C between Eq. ͑11͒ and the experimental results of Schiller, Hartnett et al., and the smooth equilateral-triangular, square, pentagonal, hexagonal, heptagonal, and octagonal ducts.
Discussion and Conclusion
By experimental data or from Figs. 4-9, the experimental data are fitted to Eq. ͑11͒ when ReϾ3500.
It has been shown in Table 2 that the use of an area equivalent round diameter to calculate a modified Reynolds number yields excellent agreement between Eq. ͑11͒ and the experimental data. The maximum deviation from the experimental data is within 1 percent.
If the hydraulic diameter is used in the Reynolds number, the deviation from the experimental data, for equilateral-triangular ducts, is ͑ 0.3164Ϫ0.2942͒ 0.2942 ϭ7.55 percent and, for square ducts, is ͑ 0.3164Ϫ0.3045͒ 0.3045 ϭ3.91 percent Therefore, the area equivalent round diameter is proposed for use in predicting the Fanning factors of the regular ͑n-sided͒ polygonal ducts. 
